We revisit the effects of the Hubbard repulsion on quantum spin Hall effects (QSHE) in twodimensional quantum lattice models. We present both unbiased exact diagonalization and densitymatrix renormalization group simulations with numerical evidences for a continuous quantum phase transition (CQPT) separating QSHE from the topologically trivial antiferromagnetic phase. Our numerical results suggest that, the nature of CQPT exhibits distinct finite-size scaling behaviors, which may be consistent with either Ising or XY universality classes for different time-reversal symmetric QSHE systems.
I. INTRODUCTION
Landau continuous phase transitions classified by spontaneous symmetry breaking of local order parameters 1 are important concepts in condensed matter physics that lie at the heart of our understanding of various aspects such as quantum magnetism and superconductivity. However topological phase transitions among topological phases of matter which are generally indistinguishable by any local order parameters 2 , should require a change in topological invariant. For a symmetryprotected topological phase, its topological characterization is only well-defined in the presence of symmetry, like fermionic QSHE with time-reversal symmetry can be characterized by a Z 2 topological index, which is the main concern of our paper. In the interacting systems with topologically non-trivial structure, the interplay between topology, symmetry and interaction, may lead to complex nature for the quantum phase transition, possibly a first-order transition [3] [4] [5] . Nevertheless, whether or not a continuous phase transition can be accompanied by a change of topological order, is an intricate open question [6] [7] [8] [9] , which motivates us to reinvestigate the strong correlation effects on the interacting topological insulators with Z 2 topological index.
Recent studies on topological insulators have indicated such a concrete example of interaction-driven continuous quantum phase transition (CQPT) from Z 2 topological order to antiferromagnetism, where the universal continuous evolutions of physical quantities are expected [10] [11] [12] . Within the Kane-Mele-Hubbard (KMH) model 13, 14 , Xu and Moore proposed a CQPT from the QSHE to the trivial Mott insulator driven by interactions 15 . In the strong coupling limit, Rachel and Le Hur first derived its effective spin Hamiltonian up to second order perturbation, and concluded that the Mott antiferromagnetism (AFM) is in the transverse xy-plane, instead of in the longitudinal z-direction 16 . And this scenario including the CQPT from the QSHE to the trivial xy-AFM was supported by numerical studies including quantum Monte Carlo (QMC) methods [17] [18] [19] [20] [21] [22] , the variational cluster approach 23, 24 , and the mean field theory 16, [25] [26] [27] [28] [29] [30] [31] [32] [33] . In QMC simulations of spin order, a finite size analysis shows that the transverse long-range spin correlation S x r S x r ′ remains a robust finite value as the distance |r−r ′ | increases in the antiferromagnetic regime, while the longitudinal long-range spin correlation S z r S z r ′ vanishes as the system size increases [18] [19] [20] 22 . In Ref. 20 , a Curie-law signature in the magnetic susceptibility is identified by adiabatically inserting a π flux. Early studies based on meanfield theory 16, [25] [26] [27] [28] predicted the existence of intermediate topological antiferromagnetic phases at certain moderate Hubbard repulsion, making the nature of CQPT more intricate. However, there is no signal of an intermediate topological phase being detected by recent numerical QMC simulations of Z 2 invariant 34, 35 . Furthermore, as to the phase diagram of KMH model, the transition from QSHE to antiferromagnetic Mott insulator has been theoretically predicted to belong to the threedimensional XY universality class [36] [37] [38] , and this continuous transition nature with the universal critical exponents β = 0.3486, ν = 0.6717 is rigorously demonstrated by the finite-size scaling of the xy-transverse spin structure factor in the QMC numerical simulations 17, 19, 20, 22 . Taking into account the rich class of CQPT, it is natural and important to ask whether the CQPT nature is common to different time-reversal symmetric quantum spin Hall systems realized on different lattice geometries.
In this work, we study this interaction-driven transition nature in two representative topological lattice models with time-reversal symmetry through the state-of-theart density-matrix renormalization group (DMRG) and exact diagonalization (ED) techniques. In Sec. II, we introduce the time-reversal symmetric spinful fermionic Hamiltonian in two typical π-flux checkerboard and Haldane-honeycomb lattices. In Sec. III, by tuning the Hubbard repulsion, we demonstrate a CQPT from Z 2 QSHE at weak interactions to a trivial Mott antiferromagnetic insulator at strong interactions, with the evidences from Chern number matrix and spin structure factors. In particular, we identify the classification of CQPT is not unique. Specifically, the transition matches with three-dimensional XY universality class in the Haldanehoneycomb lattice, while for the typical π-flux checker-board lattice, the transition is possibly in the universality class of the 2D Ising model. Finally, in Sec. IV, we summarize our results and compare the difference between QSHE and integer quantum Hall effect.
II. THEORETICAL MODELS
We consider the spinful fermions in two representative topological lattice models with time-reversal symmetry: (i) the Haldane-honeycomb (HC) lattice
and (ii) the π-flux checkerboard (CB) lattice
Due to time-reversal symmetry, we take H
with T the timereversal operation. Here c † r,σ is the particle creation operator of spin σ =↑, ↓ at site r, . . . , . . . and . . . denote the nearest-neighbor, the next-nearest-neighbor, and the next-next-nearest-neighbor pairs of sites, respectively. Typically, we choose t ′′ = 0, φ = π/2 for honeycomb lattice which reduces to the famous Kane-Mele (KM) model 13, 14 , and t ′′ = 0, φ = π/4 for checkerboard lattice 40 . In the flat band limit, we take the parameters t ′ = 0.6t, t ′′ = −0.58t, φ = 2π/5 for honeycomb lattice and t ′ = 0.3t, t ′′ = −0.2t, φ = π/4 for checkerboard lattice.
Taking into account the on-site Hubbard repulsions V int = U r n r,↑ n r,↓ where n r,σ is the particle number operator of spin-σ at site r, the model Hamiltonian be-
In the following we explore the many-body ground state of H at half-filling N ↑ /N s = N ↓ /N s = 1/2 in a finite system of N x × N y unit cells (the total number of sites is N s = 2×N x ×N y ) with particle conservation U (1)×U (1)-symmetry. In the ED study, with the translational symmetry, the energy states are labeled by the total momentum K = (K x , K y ) in units of (2π/N x , 2π/N y ) in the Brillouin zone. For larger systems we exploit DMRG on the cylindrical geometry, and keep the number of state basis up to 3000 to obtain accurate results.
III. INTERACTION-DRIVEN PHASE TRANSITIONS
In this section, we present the numerical analysis of the interaction-driven phase transition from two-component QSHE to antiferromagnetism at half-filling. The twocomponent QSHE can be identified by the Chern number matrix with featureless spin structure factors, and the corresponding charge (spin) pumpings are complementary to and consistent with the Chern number matrix.
A. ED analysis
We first present an ED study of the ground state properties for HC lattice with two different lattice sizes N s = 16, 12. In Fig. 1(a) , we plot the low energy evolution as a function of on-site repulsion U . For weak interactions, there always exists a stable unique ground state at K = (0, 0) with a large gap separated from higher levels. By tuning U from weak to strong, there is not any level crossing between the ground state and high-level excited states. Also this ground state does not undergo the level crossing with excited levels in the Z 2 -symmetric parameter plane (θ Fig. 1(b) , signaling a continuous phase transition nature with Z 2 symmetry. (Here θ α σ is the twisted angle for spin-σ particles in the α-direction, which shifts the particle crystal momentum k α → k α + θ α σ /N α ; see the definition below). We emphasize that to fully establish the continuous ground energy evolution without level crossing we need to perform a scaling of the system size results, which is beyond our current ED limit. Instead, we will demonstrate its continuous transition for large system sizes from the DMRG calculation of ground state wavefunction fidelity and antiferromagnetic order parameters, as shown in Sec. III B.
Alternatively, the topological index obtained in ED calculation can help us locate the phase transition boundary. The topological nature of quantum spin-Hall state is characterized by the Chern number matrix by introducing twisted boundary conditions 41, 42 Due to time-reversal symmetry, for any ground state and interaction, one has the antisymmetric properties C ↑,↓ = −C ↓,↑ , C ↑,↑ = −C ↓,↓ in the spanned Hilbert space, and the total Chern number related to the charge Hall conductance is equal to zero C q = σ,σ ′ C σ,σ ′ = 0 for any interaction strength. Therefore we always have an antisymmetric C-matrix
For decoupled QSHE at weak interactions, we obtain C ↑,↑ = 1, and C ↑,↓ = 0. However, for strong interactions, the off-diagonal element C ↑,↓ related to the drag Hall conductance arising from interspecies correlation may be nonzero for two-component quantum Hall effects 41, [43] [44] [45] . To clarify the interaction-driven topological transition, we calculate the evolution of C ↑,↑ as a function of U . In Fig. 1(d) , C ↑,↑ experiences a fast drop as the interaction U increases across the critical threshold U c , where the distribution of Berry curvature exhibits a singular behavior, signalling the topological phase transition of a many-body system 46, 47 . As a quantitative measure of the fluctuation of the Berry curvature, we take 
where F is the average value. Both ∆F ↑,↑ and ∆F ↑,↓ show a peak at the critical point where topological invariant changes, resulting from the energy level crossing at (θ Fig. 3 for details). Physically, the sudden jump of C ↑,↑ and the singularity of ∆F ↑,↑ mark the quantum phase transition from QSHE to Mott insulator, while the latter is characterized by gapless spin excitations as shown in Fig. 4(d) .
In addition, to get a picture about the Mott insulator in the strongly large-U limit, we calculate the antiferromagnetic spin structure factors
and
with the inner functions defined by
[S
where i, j denote unit cells and α, β ∈ {A, B} are sublattice indices, (−1) α = 1(−1) for α = A(B). As indicated in Fig. 1(c) , both S zz AF and S xy AF undergo a smooth evolution, implying a continuous transition. In the Mott regime for Haldane-honeycomb lattice, the transverse xyantiferromagnetism S xy AF dominates. Similar results have also been obtained for the π-flux CB lattice, except that the dominant antiferromagnetic order is aligned along the z-direction given by S zz AF in the Mott regime. As we will show below, the different nature of antiferromagnetic orders leads to distinct finite-size scaling behaviors of CQPT, depending on the lattice details. As shown in Fig. 2 for π-flux checkerboard model, the ground energy level is continuously connected between quantum spin-hall state at weak interactions and a trivial Mott antiferromagnetism at strong interactions, as the onsite repulsion is changed. However, in the Mott regime, the dominant antiferromagnetic order is aligned along the z-direction given by S zz AF , instead of the transverse antiferromagnetism S xy AF in the xy-plane. Similarly, the second-order transition from QSHE to Ising antiferromagnetism is also predicted in the correlated BernevigHughes-Zhang model, using dynamical mean field theory 38, 48, 49 . However, under the insertion of flux quantum θ x ↑ = π, θ x ↓ = 0 which breaks the Z 2 symmetry between spinup and spin-down particles, the lowest two energy levels indeed cross with each other at the critical point where the Berry curvature becomes singular and topological invariant changes, as indicated in Figs. 3(a) and 3(b) .
B. DMRG results
To further verify the continuous interaction-driven transition, we exploit an unbiased DMRG approach for larger system sizes, using a cylindrical geometry up to a maximum width L y = 8 (N y = 4). As shown in 4 for HC lattice, we measure three different quantities as a function of U : the ground state wavefunction overlap F (U ) = | ψ(U )|ψ(U + δU ) | (δU is as small as 0.1t), the ground state entanglement entropy S L , and ground state energy derivative. We also check the overlaps F i (U ) = | ψ(U = 3t)|ψ(U ) | between the ground state ψ(U ) and QSHE at U = 3t, and F f (U ) = | ψ(U = 9t)|ψ(U ) | between the ground state ψ(U ) and AFM at U = 9t. All the physical order parameters exhibit continuous evolutions from weak interactions to strong interactions, such that we can exclude the possibility of a first-order phase transition. The spin excitation gap ∆ s = E 0 (S z = 1) − E 0 (S z = 0) would tend to diminish continuously in the Mott regime.
Second, we characterize the topological nature of the ground state from its topological charge pumping by inserting one flux quantum θ y ↑ = θ, θ y ↓ = 0 from θ = 0 to θ = 2π on cylinder systems based on the newly developed adiabatic DMRG 50 in connection to the quantized Hall conductance. The net transfer of the total charge from the right side to the left side is encoded by the expectation value
Here we partition the lattice system on the cylinder along the y-direction into two halves with equal lattice sites. N L σ is the particle number of spin-σ in the left cylinder part, and ρ L the reduced density matrix of the corresponding left part 51 . Under the inserting of the flux θ In order to quantify the spin-Hall conductance, we also calculate the spin pumping by inserting one flux quantum θ y ↑ = θ y ↓ = θ from θ = 0 to θ = 2π in the y-direction, and define the Z 2 spin transfer ∆S from the right side to the left side in the x-direction by the physical quantity 
For each flux cycle, we obtain both ∆Q ≃ 1 and ∆S ≃ 2 for the QSHE in the weakly interacting regime. However in the strongly interacting regime ∆Q ≃ 0, ∆S ≃ 0. The change of the charge pumping is shown in Fig. 4(a) , where the critical U c ≃ 4.8t, while the Z 2 spin pumping persists a finite value deviating from the integer quantized value 2 up to U ′ c > U c . However, with increasing L y = 6 to L y = 8, we find that the difference between U c and U ′ c becomes substantially reduced as shown in Figs. 4(a-b) , which may be consistent with a direct transition from the QSHE to the Mott insulator.
Third, we measure the antiferromagnetic order from spin structure factors S in good agreement with the physical picture proposed in Refs. 16, 19, 20, 22 . For our study, a very small value of spin structure factor S zz AF in both ED and DMRG, is likely due to the finite width effects in the y-direction. Figures. 6(a) and 6(b) show the continuous phase transition through the tunable repulsion U on a cylinder π-flux checkerboard lattice for large system sizes. The topological phase transition is characterized by the charge and spin pumpings when inserting one flux quantum. All the physical order parameters like spin structure factor, entanglement entropy and the wavefunction fidelity exhibit a continuous evolution from weak interactions to strong interactions.
As shown in Figs. 4 and 6, for HC lattice, only S xy AF
shows a rapid increase, signaling an antiferromagnetic order in the transverse xy-plane for U > U c ; In contrast for π-flux CB lattice, only S zz AF shows a rapid increase near the critical point, signaling an antiferromagnetic order in the longitudinal z-direction for U > U c . To understand this, let us consider the antiferromagnetic long-range-ordered phase in the strongly large-U limit. For U ≫ t, similar to the usual Hubbard model, we expand the Hamiltonian in powers of t/U up to the second order, and arrive at the effective spin models
2 /U (see also the related effective spin Hamiltonian for HC lattice in Refs. 16, 30 ). When t ′′ = 0, for π-flux CB lattice the nearestneighbor term is an Ising exchange, while the next- nearest-neighbor term is an isotropic antiferromagnetic Heisenberg exchange. However for Haldane HC lattice the nearest-neighbor term is an isotropic antiferromagnetic Heisenberg exchange, while the next-nearestneighbor term is antiferromagnetic in the longitudinal direction but ferromagnetic in the transverse direction when φ is close to π/2. In our typical parameters J ′ /J 0.3 which is away from possible spin liquid regime 52, 53 , combining all the exchange terms, we expect an antiferromagnetic order in the z-direction for π-flux checkerboard lattice, but in the xy-plane for Haldane-honeycomb lattice, due to the next-nearest-neighbor frustration term. As a result, the scaling behavior around the critical point is different for HC and CB lattices.
Due to the numerical difficulty of well-controlled DMRG convergence for two-component particles on cylinder width L y > 8(N y > 4), we cannot perform a finite-size scaling in the y-direction, and therefore focus on the quasi-one dimensional scaling of the cylinder length L x . This is different from QMC methods where the finite-size scaling is done at the same time in both x, y-directions. Despite its limitation, we show that it still sheds some light into the critical scaling exponents. For HC lattice, in Figs x (U − U c )) using the critical exponents β = 1/8, ν = 1, which indicates that the phase transition falls into the 2D Ising universality class 54, 55 . When U approaches a critical value U c , F (U ) shows a small bump, implying a peak of the fidelity susceptibility χ F = (1 − F (U ))/(δU ) 2 which is a signature of phase transition 56, 57 . We obtain a similar picture for
. Thus we conjecture that this phase transition maybe belong to the 2D Ising uni- versality class, which is different from that in HC lattice, although a stronger evidence of finite-size scaling in cylinder width is necessary.
Finally, we present our DMRG results of the phase diagram in the parameter plane (U, t ′ ) without t ′′ , as indicated in Figs. 8(a) and 8(b) . First of all, we identify a CQPT separating the QSHE from the antiferromagnetic ground state on both HC and CB lattices, without the evidence of intermediate phase in between. The apparent non-vanishing spin pump is due to the fluctuating off-diagonal Berry curvature driven by interspecies correlation, as also identified from ED analysis in Fig. 1(d) . Here we do not consider the situation t ′ → 0 where the system is a gapless Dirac semimetal for both models, and the transition from such a Dirac semimetal to AFM has been claimed to be of Gross-Neveu universality class in several QMC simulations 20, 21 , which we leave for future study. Moreover, by including the next-nextnearest-neighbor hopping in the flat band limit, we obtain the similar physical picture of a continuous phase transition. As shown in Fig. 9 (a) and 9(b), for both Haldane-honeycomb and π-flux checkerboard, the quantum phase transition is continuous, identified from three physical quantities including the absolute wavefunction overlap F (U ), spin structure factors S zz AF , S xy AF , and entanglement entropy S L .
IV. SUMMARY AND DISCUSSIONS
In summary, using both ED and DMRG calculations, we have demonstrated a continuous phase transition from a quantum spin-Hall state to an antiferromagnetic Mott insulator driven by onsite Hubbard repulsion at halffilling, which is characterized by the continuous evolutions of the physical quantities, including the wave function fidelity, spin structure factors, entanglement entropy.
The topological transition nature is encoded by the singular behavior of the Berry curvature driven by strong interspecies correlation, but the total charge Hall conductance remains unchanged. In close comparison, for an integer quantum Hall state with a symmetric C-matrix C = 1 0 0 1 in both π-flux checkerboard and Haldanehoneycomb lattices with broken time-reversal symmetry, recent ED and DMRG studies show that a direct first-order level crossing occurs at one of high-symmetry twisted boundary conditions 44, 58 from integer quantum Hall effect (IQHE) to a trivial Mott insulator. Physically, these two classes of transitions indeed can belong to different classes as the transition between IQHE to a Mott insulator has a quantized jump of charge Chern number between two charge insulators, while the transition between QSHE and a Mott insulator only has a change of spin Chern number from a spin insulator to a gapless spin system. We believe our current work may provide a new insight into the interaction-driven topological transition nature. As one intriguing direction of our study, it is interesting and important to investigate the role of broken U(1)-spin symmetry by adding spinorbit coupling in the transition between QSHE and the magnetic phase, which is very relevant to the transition metal oxide Na 2 IrO 3 materials 59,60 , and we leave it for a future follow-up project.
